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How NMR Works ---- Section II

by Shaoxiong Wu 02-20-2010

In the section —I we have evaluated one spin system by using an one spin Hamiltonian act on a
EigenFunction and then get the EigenValue, i.e. the Energy, For [=1/2, we obtain two Energy
level, the transition between these two energy levels, we are able to calculate the Larmor
Frequency. This is an observable parameter. Now we are using the same method to evaluate a
two-spin system. It looks lots of writing, but it is still very simple. You need patient to look at
them, and spend a little time to think why we write them in this way.

Before we start, I would like to clear some terms, that will make me easier to write:

v=0/2t v (inHz) o (inrad S') - both of them descript frequency.
Hone spin=-yBOI, or Hone L) F— Hamiltonian of One spin along the Z component.
Yi1p=Fo and ¥.;,=¥p -------- EigenFunction of One spin (I=1/2)

For a two-spin system with no Coupling ---- they are not interacted each other.

Hone spin= "V I, then

Hiwospin =01 11z + 021, They are not coupled

For a two-spin system with Coupling--- They are coupled with coupling constant J;,

Hiwo spin= 01 I1z 02 Lo, +J12 11, Ip,

Let’s work on the Hamiltonia of two-spin-system with no coupling first. v; andv; are the
frequencies of the two spins respectively. I;,and I,, are the Operators of spin 1 and spin 2.

Their Eiganfunctions:
. 1 - 1
hzbie = +5%1a hbip = =51

. 1 . 1
Lzra = +5V2a  DzPop = =22

Now let’s calculate to show ¥, ¥,p is an EigenFunction of the Hamiltonian: (v, I, +v15),
Also you may find ¥4 Y15 5 Y1a Y2a 5 Y1p Y2p are also an EigenFunctions.
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I’_\Itwo spin lpw ¢zﬁ:> (Ul ilz + 0 iZZ) le lng
=>v; 11, Y1q Pop 02 I, Y1q Y2p

=>v; (11, Y14) Yap T V2P (I, Y,p)  ---- This is allowed because I, operator has no effect on spin
one function 4, -- treat it as constant, we just swap the order.

=0+ 210 ap 02 (= hp)

1 1
=> (Eul - EUZ) Y14 Y2p -- Here the EigenValue is Gul — %UZ) and the EigenFunction is 14 1),

If we use other three EigenFunctions do the same thing as above, then the results as following:

Yig Y2 = +§v1+§u2 —>El
Y1a Y2p == + %Ul —%UZ =>E2
Y1p¥2q === %Ul + %UZ =>E3
1/)1[? 1/J2ﬁ =>— %Ul - %UZ =>F4

We assume v1 is not or equal to v2, then the Energy gaps:

E2-El=-v2 E3-El=-vl or E4-E2=-vl1  E4-E3=-v2 It simply shows two
transitions, v1 and v2 (or two frequencies contributed by two individual spins, they are not
coupled. On the NMR spectrum, there are only two peaks that correspond to two frequencies.

Now if the two spins are scalar coupled ,the Hamiltonian will be:
Hiwo spin= "1 11, + v I, + J12 11, 1o,

The additional term J;, 1;,1,, , coupling term, describes the coupling of two spins. J is the
coupling constant in Hz. The previous four Eigenfunctions (14, Y2q, Y15, Y2p ) are still this

new Hamiltonian’s EigenFunctions. But we will have a little different Eigen values. Let’s work
on the first set of EigenFunction: 1, ¥, (The others are ¥4 Y24, Y15Y24, Y1p Y2p)- The
calculations are the same:

ﬁtwo spin Yiq ¢zﬁ:> (v1 ilz + v i2z Jr]12]A121Azz) Yia lpzﬁ

=11, P, Yopt+ T2 b, Y14 Yap + J12hiz0272 W1a Yop
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=> (%Ul — %UZ) Yia Vop + 12 (I 7012)( izzzpzﬁ) ——————— the first part is the same as above

section. The second part, we can re-arrange them as show. Also we already have the result from
above since J is a constant.

=>(301 = 202) hra Yop + Jiz (+3P10) (= 3W3p))
= (%Ul — %UZ) Yia Vop — ihz Yia Yop
=>(%U1 - ;UZ - ihz) Via V2p

Now the new EigenValue is (éul — %UZ — % J12) for the EigenFunction of 1, 1,5. If we
calculate the other three Eigenfunctions, the results as following:

Vi Y2a => +§U1+%u2 Jri]12 = El
Yia 1/’2[? => +%U1—§U2 - i]lz =>E2
lplﬁlpza =>—%U1 +§u2 - %]12 = E3
Yip Y2p === %Ul —%uz + i]lz =>E4

Then the Energy gap or transitions are:
El-B2=v2+ 3/,
E3-E4 =v2-3],

El-E3=vi- 1],

1
E2 —-E4=v1+ 5112
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v2 and v1 are the center frequency for each spin. The coupling constant is J Hz. So two
coupled spins are placed in the magnet, there will be four possible of transitions which
correspond to four frequencies. If two spins are protons, then they have the homonuclear
coupling. See the figure above, two spins in the same spectrum. If two spins are different spins,
such as 'H- °C or "H-"N, then you will see one doublet in one spin spectrum, one doublet in the
other spin’s spectrum. But they should have the same J coupling constant.

Before we continue, I would like to make the terms a little short and clean to see and write.

Yiag Y2p =>0f ------ the WaveFunction is not important as how they are written. Simplified to
af}. Also which one is 1 or 2 is not important, since basically they are same in this case.

BB k4

Bo g B g3

o o
El
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For above example the transitions:

ae => af} or ao=> Po ------- Single Quantum Transition
af =B or Pa=pp ---—--- Single Quantum Transition
These are called single quantum transition, “allowed”. However,
ao => BB  ---- Double Quantum Transition --- “double flip”

af = Bo ----- Zero Quantum Transition ------ Double flip”

These two transitions are NOT Allowed, i.e. we cannot observe them directly. But we can
indirectly detect these transitions by two-dimensional NMR (such as NOESY).

Before we go to the density Matrix theory, let’s look at a three coupled spin system. I will simply
write the terms rather than repeated them as in two coupled spin system.

There are eight spin EigenFuctions.

aoo

aof ofa Poa

BPa Pap afp

PBP

The Hamiltonian:

Hinree spin=01 11, + vl 0313, +Tia 0y, 0o, + Jis 11, 03, + 003 1o, 1,

The Schrédinger Equation:

Hinree spin 00t0= (0 11, + valo, + 0315, + 1211, 0o, + Jis 1113, + 003 10, 15,) 0o

....... Total Eight of them by using different functions (aao aof opfa Pac BPa Bap aff BPP).
After the calculation, we should have Eight EigenValues corresponding to eight functions.
oan  B1=>+cvl+2v2+ 2u3 )i T 1)is + 2/

1

_]23

1 1 1 1 1
=> - R - - + = —
apa. E2=>+-vl--v2+ -v3 o)t fis - g

1 1 1 1 1 1
BOLOL E3:>_;U1+;U2+;U3—Z]12'Z]13+ Z]23
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1 1 1 1 1 1
BPa E4=>—-vl—-v2+ ~v3 +Jip - iz — Jos

1 1 1 1 1 1
=> - - P + - - [
aof E5 +21)1 +2u2 203 4]12 4]13 4]23

1

1 1
_]12 '2113 + Z]23

app E6=>+-v1 —~02 — ~u3 -
2 2 2 4

1

_]23

1 1 1 1 1
== —v2— =3 —==[;) +=]ia —
Baf E7 ~ul+-v2— ~v3——Jip T )iz — ]

BBB E8=>_§U1 —iUZ - %U3 +i]12 *i]w + %]23

Let’s discuss these EigenValues in detail:

E3-El=(—2vl+2v2+ 203 = 2 )1 — /13 + 1)23) — (201 + 202+ 203 +2J1p +-J1s + 2)23)
E3-El=-vl -3/, =3/ 3:

E4-E2=-vl+5/,, =3/ 13;

E7-ES=-vl -3/, +3/3:

E8-E6=-vl+5/,, +3/3:

These four transitions are for spin one. The center frequency is vl. We can use an energy level
diagram to show these transitions. Each energy level corresponding an EigenFunction, which is
labeled as (a0, apa, etc.) the first letter is for the spin One, the second is for the spin Two etc.
Since we use I=1/2 as a sample, they are only have two states, o or B. If I=1, then there are three
states but the method is the same.

BB PBrg

S

EBOLE4 OLBBgE6 BGBF7

B“;‘%O‘l{am oo gs

oo o

El
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The red is spin One, the allowed transition is E1 -> E3; E2 ->E4; E5 -> E6 and E6 ->E8. There are four
transitions, and will have four NMR peaks corresponding to these transitions. For spin Two in Blue, there
are also four lines, as well as spin three in Green. These transitions meet the transition rule +/- 1; we call
it single quantum transitions. These transitions are easy to be observed by simple 1D NMR experiments.
The NMR spectrum of each spin is a doublet-doublet.

I know you are going to get tired of these terms, but you only do once in your life time to understand
what is going on here. Instead of reading, you can do them yourself.

On the other hand, the E1 -> E4, E1->E6, E1 —E7, E3-> E8, E2->E8 and E5-> ES8 (total six of them) are
called double-quantum transition (+/- 2, two spins flip).

1 1 1 1 1 1 1 1 1 1 1 1
EA-El=(—-vl—-v2+ -u3 4+ Jip-7)i3 = JJas) —(F5vl 4502+ “u3 4o )i+ Ji3+ L )23)
1 1
E4-El=-v1- v2 -5113 '5]23
1
E8- ES=-v1 - v2 Jr%]13 + 5]23 ----- Center frequency (- vl — v2)
1 1
E7-El =-v1 — v3 -E]lz —5123
1 1
E8 —E2=- vl — u3 +5]12 + 5]23 —————— Center frequency (- vl — v3)
1 1
E6 - El: -v2— v3 -5112 '5113
1 1
E8 —E3=-v2— v3+ 5112 + 5113 ——————— Center frequency (- v2 — v3)

For the double quantum transition, it comes up three pairs of doublet. The center frequencies are
the sum of two spins. For example, E1 -> E6 and E3 -> E&; the spin one (In Red), remain
unchanged, by flip both spin two and spin three. The center frequency of the doublet is the sum
of the Larmor frequencies of spin 2 and spin 3 with coupling J12 and J13.
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B B Pgs

BB X g O9BB g Balb g,
s

Boo gy pBYp aalP gs

El

There are six zero-quantum transitions.

1

1 1 1 1 1 1 1 1
~J12 - 2113 + 1123)‘( —; V1 —JVZ+ ~u3 +Z]12 - 1113 - 2123)

E6-E4=(+-v1 —=v2 — ~u3 -
2 2 2 4

E6-E4 =v1— v3 =15 + =/

ES-E3=v1- v3+ )5 -2/

E7-E6= —vl + v2+ 3/, - §]23 or E6—E7=vl - v2— 3/, + %]23 ----Just change the sign.
E3-E2= —vl + v2- %]13 +%]23 or E2-E2=v1- U2+%]13 - %]23

E7-E4=v2 - v3- 3/ 1, + 513

1
ES-E2=v2 - v3+ 31, -3 )13
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For Zero-Quantum transition, it comes up three pairs of doublet. The center frequencies are the
difference of two spins. For example: E6 — E4, the spin two remain same, spin one and spin

three flipped. The transition frequency is vl — v3 % Jio t % J»5; the center frequency is vl — v3

and one peak at (—/;, + %]23), the other one at (%]12 — %]23).

There are only one triple-quantum transition. All three states are flipped.
1 1 1 1 1 1 1 1 1 1 1 1
ES'EI__EUI_;UZ— ;U3 +Z]12 +Z]13+ 1]23)_(+5U1+;U2+ 51)3 +Z]12 +Z]13+ 2]23)

E8-El=—-v1 —v2— v3 - The sum of the Larmor frequencies. A singlet!!!

BB Prg

)

BB g | @BP gg Bap

Boao g | aB%y aalb g
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There are three more transitions: E5-E4, E3-E6 and E2-E7. All three spins are flipped. These
lines are called combination lines. They can only be detected by multidimensional NMR. Also
they are not connected with J coupling constant.

BB Prg

PR gy aBP g Bab

Bao g oBU ool gs

El

1 1 1 1 1 1 1 1 1 1 1 1
E5-E4=(+-vl+-v2—-v2 +_Jip-7 )13 = 7J23) = (—5vl—-v2+ -u3 +-)i5 -~ Ji3 = 7 J23)
E5-E4 = vl + v2 —vu3
E6-E3= vl — v2 —v3

E7-E2= —v1 + v2 —v3

After these calculations, we now understand how spins interact with the magnetic field and how
the transition related to the frequency that we can observe it by NMR. Some transitions we
cannot observe them in a simple NMR experiment, but we can design an experiment to observe
them. So far we only discussed about the spins in the magnet field. Late on we are going to use
our new tools (operators) to manipulate these spins in the magnet (doing NMR experiment) to
observe their change in the magnet field.
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