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How NMR Works ---- Section IV

by Shaoxiong Wu 03-24-2010
Now let’s get a work on something called Expectation Value.

From basic quantum theory, the value of an observable quantity A that could be represented by an

operator A, can be found for any state i as the expectation value, <A>'. In other word, a value (size, how
much, how big, how fast, where ?) of something (here is A), can be calculated by using its operator, i.e. the

A act on a function or state function. For example:

i
Y = ch(‘)k => If N=1 (one spin 1=1/2, then k can be 1 and 2) then it is much clear to us:
k=1

¥ =Cl|)+C}| B)

or as before.

More general term to use these functions for an Expectation Value :Z-component of angular momentum lz:

()" = (2011, [90) = (IC;" )+ C;"| B)II 1, |[C]] &)+ C}| B)])
=>C"C{a|1,|a)+CCNa|l, | B)+C,C (BN, |a)+C,UCP (B, | B)

(e -ced)

Omitted few steps from line two to line three, check previous section.

For Spin 2:

(L) = (@1, 9P) = ([C?] a) + CP| A1, [[C7] @) +C| £)])
=>CC a1, |a)+CPCP (a1, | B)+C;PCA (BN, |a)+ CiPCP (B, ] B)

=> %(Cl"(z)clﬂ) _ C;(Z)Cz(Z))
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More general term to use these functions for an Expectation Value A:

(A" = (" A¥?) = (IC ¢, +C; 0,1 AlIC,p, +C.0,])

== CI*C1<(DI | Al (01>+ CI*C2<¢1 | Al (/72>+C;C1<§02 | Al (/71>+C;C2<§02 | Al (/72>
- TCCA,

\P(i)

Note: i, m and n are integers. The particular function of occur in an ensemble, the probability is pt

If we can measure <A> many times, the probability:

Y-

l

The overall expectation value will be :

(A= PR =3 TP el A,

i=1 m,n=1

We want to know the value of A, we can calculate it from above equation. It tells us the average of
value of many measurements, rather than the value of each measurement or a particular
measurement. This value we called it --- Expectation Value --- In NMR we are more interested

in(I,), (I),(I,) etc.

The following few steps may be too fast, I will use a real sample to explain it in more detail.

From: <A> _ Z Pi<A>(i) _ Z Z Pic;(i)Crgi)Amn

i=l m,n=1

Let Omn = Z PIC:;ICrI]

——————— Take the probability and coefficients of each measurement.

N N 2N
Then: <A> = ZzamnAmnorzo-mnAmn
m=1 n=1 m,n

--------- N is the spin number. One spin, N=1.
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(8) =S fon), =Trlon)

Tr means trace, we take the trace of matrix and add them together as the result------ Expectation Value A.

Where the o is called the density operator, it has by definition a (2I+1) by (21+1) dimensional matrix
representation. For example, a spin [=1/2, the density operator has a two by two matrix. The average
of observable is taking the trace of the product of A with o. (Tr[cA) or Tr[Ac].

Now let’s work on a real sample:

Note:

If one spin and 1=1/2, the probabilities of occurrence, P* and P?, are equilibrium, simply the populations of
the states as determined by the Boltsmann distribution.

N

B — e—AE/kT
Na

if we assume € = AE/KT, and € << 1. Thus, P’ = %(1+&/2) and P* = %(1- €/2). More correctly, the probability
of spin stay in a state is P' = %(1+ £/2); and the probability of spin stay in 8 state is P’ = %(1- €/2).

—yhB, /KT

=€ = =xl-¢

If we use above result:
W) = |a) P =x1+e/2)

|W2) = |B) PP=s(1-€/2)

O =2 P'C,C,
« . 1 E\ .
Oaa = P'C0CE+p2C; P02 = (1+5) C2VCh +0
1 €
= 3(1+3)

oap = P CVCE+p*C Pt =0

0pe = PICHYCE+p2C;PC2 =0
1 €
_ 1) 1 2,-%(2) p2 _ *(2) 2
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+3(1-9

So o can be written:
(the detail matrix representation will be discussed in the next section):

O-(Z(Z O-(Z
o= [0 0o

oga  oppl '

I 0

At equilibrium: O =
0 -1

‘ 911+0
2

Were 1 is called the identity matrix or unit matrix of appropriate dimensions, here is 2x2 . It does not very
with time and contributes to the measurement. The second term is important. At equilibrium, the density
matrix can be written:

Note:
O =1/2[1+(g/2) +0 O.=0+0
Oe=0+1/2[1-(g/2) Os=0+0
el 0
o=—
410 -1

We can use this result to recalculate the Z-component of Angular momentum:
(Mz> = Tr(MzU)
We want to use this density matrix (for I=1/2 and one spin) to calculate the magnetization of Z- component:

¢ NyZ%n®’B
(M) = Tr(M,0) = NyhTr(l,0) = (Nyh) 7 = 4k—T0

Izcr:IZE(é _01) or a=(§)lz

Where Mz =Y; N;u; is the bulk magnetization that is the total of magnetic dipole moment p.

4

The dipole moment u = yhl and ¢ = hfo. (See any NMR book).

k
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Tr(IZU)zTr{%[(l) _01]%‘%[(1) _01]}=%Tr{[1 0}:fx2=2

Wherelzzi[(l) _01] and 0‘:(5)12=Z[1 0]

The Tr means add the diagonal number together. The final result is:

_ Ny*n*B,

M) 4kT

It tells us: The bulk magnetization of spin in the magnetic field BO is directly proportional to N, the total

number of spins in the system, and Y> magnetogyric ratio, the strength of the magnetic field.
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Note:

Matrix Operation:

ra b] [e f _(ae+ag bf+bh)

lc dllg hl \ce+cg df+dhn

(a b ¢ dlJ[A B ¢ D]l [aA+aE+al+aM b c d
e f g hl||E F G H||eA+eE+el+eM f g h
i j k U||I J K L[| i j k1
m n o pllM N O P m n o p
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